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EQUIVARIANT YAMABE PROBLEM AND HEBEYVAUGON
CONJECTURE
FARID MADANI
Abstrat. In their study of the Yamabe problem in the presene of isometry
group, E. Hebey and M. Vaugon announed a onjeture. This onjeture gen-
eralizes T. Aubin's onjeture, whih has already been proven and is suient
to solve the Yamabe problem. In this paper, we generalize Aubin's theorem
and we prove the HebeyVaugon onjeture in some new ases.
1. Introdution
Let (M, g) be a ompat Riemannian manifold of dimension n ≥ 3. Denote by
I(M, g), C(M, g) and Rg the isometry group, the onformal transformations group
and the salar urvature, respetively. Let G be a subgroup of the isometry group
I(M, g). E. Hebey and M. Vaugon[5℄ onsidered the following problem:
HebeyVaugon problem. Is there some G−invariant metri g0 whih minimizes
the funtional
J(g′) =
∫
M Rg′dv(g
′)
(
∫
M dv(g
′))
n−2
n
where g′ belongs to the G−invariant onformal lass of metris g dened by:
[g]G := {g˜ = efg/f ∈ C∞(M), σ∗g˜ = g˜ ∀σ ∈ G}
The positive answer would have two onsequenes. The rst is that there exists an
I(M, g)−invariant metri g0 onformal to g suh that the salar urvature Rg0 is
onstant. The seond is that the A. Lihnerowiz's onjeture [7℄, stated below, is
true. By the works of J. Lelong-Ferrand[6℄ and M. Obata[9℄, we know that if (M, g)
is not onformal to (Sn, gcan) (the unit sphere endowed with its standard metri
gcan), then C(M, g) is ompat and there exists a onformal metri g
′
to g suh
that I(M, g′) = C(M, g). This implies that the rst onsequene is equivalent to
the
A. Lihnerowiz onjeture. For every ompat Riemannian manifold (M, g)
whih is not onformal to the unit sphere Sn endowed with its standard metri, there
exists a metri g˜ onformal to g for whih I(M, g˜) = C(M, g), and the salar ur-
vature Rg˜ is onstant.
To suh metris orrespond funtions whih are neessarily solutions of the Yamabe
equation. In other words, if g˜ = ψ
4
n−2 g, ψ is aG−invariant smooth positive funtion
then ψ satises
4(n− 1)
n− 2 ∆gψ +Rgψ = Rg˜ψ
n+2
n−2 .
1991 Mathematis Subjet Classiation. 53A30, 53C21, 35J20.
Key words and phrases. Conformal metri; Isometry group; Salar urvature; Yamabe
problem.
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The lassial Yamabe problem, whih onsists to nd a onformal metri with
onstant salar urvature on a ompat Riemannian manifold, is the partiular
ase of the problem above when G = {id}. Denote by OG(P ) the orbit of P ∈ M
under G, Wg the Weyl tensor assoiated to the manifold (M, g) and ωn the volume
of the unit sphere Sn. We dene the integer ω(P ) at the point P as
ω(P ) = inf{i ∈ N/‖∇iWg(P )‖ 6= 0} (ω(P ) = +∞ if ∀i ∈ N, ‖∇iWg(P )‖ = 0)
HebeyVaugon onjeture. Let (M, g) be a ompat Riemannian manifold of
dimension n ≥ 3 and G be a subgroup of I(M, g). If (M, g) is not onformal to
(Sn, gcan) or if the ation of G has no xed point, then the following inequality
holds
(1) inf
g′∈[g]G
J(g′) < n(n− 1)ω2/nn ( inf
Q∈M
cardOG(Q))
2/n
Remarks 1.1. (1) This onjeture is the generalization of the former T. Aubin's
onjeture [1℄ for the Yamabe problem orresponding to G = {id}, where the
onstant in the right side of the inequality is equal to infg′∈[gcan] J(g
′) for
Sn. In this ase, the onjeture is ompletely proved.
(2) The inequality is obvious if infg′∈[g]G J(g
′) is nonpositive, it is the ase when
there exists a Yamabe metri with nonpositive salar urvature.
(3) If for any Q ∈M , cardOG(Q) = +∞ then this onjeture is also obvious.
The only results known about this onjeture are given in the following theorem:
Theorem 1.1 (E. Hebey and M. Vaugon). Let (M, g) be a smooth ompat Rie-
mannian manifold of dimension n ≥ 3 and G be a subgroup of I(M, g). We always
have :
inf
g′∈[g]G
J(g′) ≤ n(n− 1)ω2/nn ( inf
Q∈M
cardOG(Q))
2/n
and inequality (1) holds if one of the following items is satised.
(1) The ation of G on M is free
(2) 3 ≤ dimM ≤ 11
(3) There exists a point P with minimal orbit (nite) under G suh that ω(P ) >
(n− 6)/2 or ω(P ) ∈ {0, 1, 2}.
The ase ω = 3 was studied by A. Rauzy (private ommuniations).
In this prove we prove the following results:
Main theorem. The HebeyVaugon onjeture holds if there exists a point P ∈M
with minimal orbit (nite) for whih ω(P ) ≤ 15 or if the degree of the leading part
of Rg is greater or equal to ω(P ) + 1, in the neighborhood of this point P .
Corollary 1.1. HebeyVaugon onjeture holds for every smooth ompat Rie-
mannian manifold (M, g) of dimension n ∈ [3, 37].
To prove the main theorem, we need to onstrut a G−invariant test funtion φ
suh that
Ig(φ) < n(n− 1)ω2/nn ( inf
Q∈M
cardOG(Q))
2/n
Thus, all the diulties are in the onstrution of a suh funtion. For some ases,
we an use the test funtions onstruted by T. Aubin [1℄ and R. Shoen [10℄ in
the ase of Yamabe problem. They have been already proven by E. Hebey and
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M. Vaugon [5℄. But the item 3, presented in Theorem 1.1, uses test funtions dif-
ferent than T. Aubin and R. Shoen ones.
We multiply T. Aubin's test funtion uε,P by a funtion as follows:
(2) ϕε(Q) = (1− rω+2f(ξ))uε,P (Q)
(3) uε,P (Q) =


(
ε
r2 + ε2
)n−2
2
−
(
ε
δ2 + ε2
)n−2
2
if Q ∈ BP (δ)
0 if Q ∈M −BP (δ)
for all Q ∈ M , where r = d(Q,P ) is the distane between P and Q. (r, ξj) is a
geodesi oordinates system in the neighborhood of P and BP (δ) is the geodesi ball
of enter P with radius δ xed suiently small. f is a funtion depending only on ξ,
hosen suh that
∫
Sn−1
fdσ = 0. Without loss of generality, we suppose that in the
oordinates system (r, ξj) we have det g = 1 + o(rm) for m≫ 1. In fat, E. Hebey
and M. Vaugon proved that there exists g˜ ∈ [g]G for whih det g˜ = 1 + o(rm) and
infg′∈[g]G J(g
′) does not depend on the onformal G−invariant metri.
2. Computation of
∫
M
Rgϕ
2
εdv
Let be
Iba(ε) =
∫ δ/ε
0
tb
(1 + t2)a
dt and Iba = lim
ε→0
Iba(ε)
then I2a−1a (ε) = log ε
−1 +O(1). If 2a− b > 1 then Iba(ε) = Iba +O(ε2a−b−1) and by
integration by parts, we establish the following relationships :
(4) Iba =
b− 1
2a− b− 1I
b−2
a =
b− 1
2a− 2I
b−2
a−1 =
2a− b− 3
2a− 2 I
b
a−1,
4(n− 2)In+1n
(In−2n )(n−2)/n
= n
Using the inequality (a − b)β ≥ aβ − βaβ−1b for 0 < b < a, we have for β ≥ 2,
0 ≤ α < (n− 2)(β − 1)− n
(5)
∫
M
rαuβε,Pdv = ωn−1I
α+n−1
(n−2)β/2ε
α+n−β(n−2)/2 +O(εn−2)
This integral appears frequently in the following omputations, and it allows us to
neglet the onstant term in the expression of uε, when we hoose δ suiently
small and ε smaller than δ.
Denote by Ig the Yamabe funtional dened for all ψ ∈ H1(M) by
(6) Ig(ψ) =
(∫
M
|∇gψ|2dv + (n− 2)
4(n− 1)
∫
M
Rgψ
2dv
)
‖ψ‖−2N
where N = 2n/(n− 2) and ∇g is the gradient of the metri g.
The seond integral of the funtional Ig with the salar urvature term needs a
speial onsideration. Let µ(P ) be an integer dened as follows : |∇βRg(P )| = 0
for all |β| < µ(P ) and there exists γ ∈ Nµ(P ) suh that |∇γRg(P )| 6= 0 then
Rg(Q) = R¯+O(r
µ(P )+1)
where R¯ = rµ(P )
∑
|β|=µ∇βRg(P )ξβ is a homogeneous polynomial of degree µ(P ),
the β are multi-indies.
For simpliity, we drop the letter P in ω(P ) and µ(P ).
By E. Hebey and M. Vaugon [5℄ results:
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Lemma 2.1. µ ≥ ω, gij = δij + O(rω+2) and
∫¯
S(r)Rg = O(r
2ω+2) whih implies
that
∫
S(r)
R¯dσ = 0 when µ < 2ω + 2
∫¯
denotes the average. Then
∫
M
Rgϕ
2
εdv =
∫
M
Rgu
2
ε,Pdv − 2
∫
M
fu2ε,PRgr
ω+2dv +
∫
M
f2u2ε,PRgr
2ω+4dv
= ε2ω+4ωn−1
∫¯
S(r)
r−2ω−2RgdσI
n+2ω+1
n−2 (ε)−
2εω+µ+4Iω+µ+n+1n−2 (ε)ωn−1
∫¯
S(r)
r−µf(ξ)R¯dσ(ξ) +O(εn−2)
(7)
Moreover T. Aubin [2℄ proved that:
Theorem 2.1. If µ ≥ ω + 1 then there exists C(n, ω) > 0 suh that∫¯
Sn−1(r)
Rdσ = C(n, ω)(−∆g)ω+1R(P )r2ω+2 + o(r2ω+2)
(−∆g)ω+1R(P ) is negative. Then Ig(uε,P ) < n(n−2)4 ω
2/n
n−1.
From now until the end of this setion, we make the assumption that µ = ω. Now,
we reall some results obtained by T. Aubin in his papers [3, 4℄:
R¯ is homogeneous polynomial of degree ω then ∆ER¯ is homogeneous of degree ω−2
and
∆ER¯ = r
−2(∆sR¯− ω(n+ ω − 2)R¯)
where ∆E is the Eulidean Laplaian and ∆s is the Laplaian on the sphere Sn−1.
∆k−1E R¯ is homogeneous of degree ω − 2k + 2 and
∆kER¯ = r
−2(∆s − νkid)∆k−1E R¯ = r−2k
k∏
p=1
(∆S − νpid)R¯
with
(8) νk = (ω − 2k + 2)(n+ ω − 2k)
The sequene of integers (νk){1≤k≤[ω/2]} is dereasing. It will play the role of the
eigenvalues of the Laplaian on the sphere Sn−1. It is known that the eigenvalues
of the geometri Laplaian are non-negative and inreasing. Our νk are in the
opposite order.
We know by T. Aubin's paper [2℄ that ∆
[ω/2]
E R¯ = 0 and
∫
S(r)
R¯dσ = 0, then
q = min{k ∈ N/∆kER¯ = 0}
is well dened and r−ωR¯ ∈ ⊕qk=1 Ek, with Ek the eigenspae assoiated to the
positive eigenvalues νk of the Laplaian ∆s on the sphere Sn−1. If j 6= k, then Ek
is orthogonal to Ej , for the standard salar produt in H
2
1 (Sn−1). Moreover, sine∫
R¯dσ = 0 there exist ϕk ∈ Ek (eigenfuntions of ∆s) suh that
(9) R¯ = rω∆s
q∑
k=1
ϕk = r
ω
q∑
k=1
νkϕk
Aording to Lemma 2.1, we an split the metri g in the following way:
(10) g = E + h
EQUIVARIANT YAMABE PROBLEM AND HEBEYVAUGON CONJECTURE 5
where E is the Eulidean metri and h is a symmetri 2-tensor dened in our
geodesi oordinates system by
(11) hij = r
ω+2g¯ij + r
2(ω+2)gˆij + h˜ij and hir = hrr = 0
where g¯, gˆ and h˜ are symmetri 2-tensors dened on the sphere Sn−1. We denote
by s the standard metri on the sphere, ∇, ∆ are the assoiated gradient and
Laplaian on Sn−1. By straightforward omputations, Aubin [3℄ proved that:
Lemma 2.2.
R¯ = ∇ij g¯ijrω and∫¯
Sn−1(r)
Rdσ = [B/2− C/4− (1 + ω/2)2Q]r2(ω+1) + o(r2(ω+1))
where B =
∫¯
Sn−1
∇ig¯jk∇j g¯ikdσ, C =
∫¯
Sn−1
∇ig¯jk∇ig¯jkdσ and Q =
∫¯
Sn−1
g¯ij g¯
ijdσ
For further details refer to [8℄.
The integrals Q, B and C are given in terms of the tensor g¯. Our goal is to ompute
them using the eigenfuntions ϕk above. Let us dene
bij =
q∑
k=1
1
(n− 2)(νk + 1− n) [(n− 1)∇ijϕk + νkϕksij ]
and aij suh that g¯ij = aij + bij then, aording to (9), we hek that
(12) R¯ = R¯b = ∇ijbijrω and R¯a = ∇ijaijrω = 0
If g¯ij = aij then R¯ = R¯a = 0 and µ ≥ ω + 1. By Theorem 2.1∫¯
Sn−1(r)
Rdσ =
∫¯
Sn−1(r)
Radσ < 0
If g¯ij = bij then∫¯
Sn−1(r)
Rdσ =
∫¯
Sn−1(r)
Rbdσ = [Bb/2− Cb/4− (1 + ω/2)2Qb]r2(ω+1) + o(r2(ω+1))
where Bb, Cb and Qb are the same integrals dened in Lemma 2.2 when the on-
sidered tensor g¯ij = bij . We ompute them in terms of ϕk
Qb =
∫¯
Sn−1
b¯ij b¯
ijdσ =
n− 1
n− 2
q∑
k=1
νk
νk − n+ 1
∫¯
Sn−1
ϕ2kdσ
Bb = −(n− 1)Qb +
q∑
k=1
νk
∫¯
Sn−1
ϕ2kdσ
Cb = −(n− 1)Qb + n− 1
n− 2
q∑
k=1
νk
∫¯
Sn−1
ϕ2kdσ
To nd these expressions, we used several times the identity ∇ibij = −
∑q
k=1∇jϕk
and Stokes formula (more details are given in [3, 4℄ and [8℄). In the general ase,
we dedue that
Lemma 2.3. If µ = ω and g¯ij = aij + bij , where bij is dened above,
(13)
∫¯
Sn−1(r)
Rdσ =
∫¯
Sn−1(r)
Ra +Rbdσ ≤ [Bb/2− Cb/4− (1 + ω/2)2Qb]r2(ω+1) + o(r2(ω+1))
and
(14) Bb/2− Cb/4− (1 + ω/2)2Qb =
q∑
k=1
uk
∫¯
Sn−1
ϕ2kdσ
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with
(15) uk =
(
n− 3
4(n− 2) −
(n− 1)2 + (n− 1)(ω + 2)2
4(n− 2)(νk − n+ 1)
)
νk
uk is obtained using the expressions of Qb, Bb and Cb above.
3. Generalization of T. Aubin's theorem
Theorem 3.1. If there exists P ∈M suh that ω(P ) ≤ (n− 6)/2 then there exists
f ∈ C∞(Sn−1) with vanishing mean integral suh that
Ig(ϕε) <
n(n− 2)
4
ω
2/n
n−1
The ase ω = 0 of the this theorem has already been proven by T. Aubin [1℄. He
also proved the theorem when µ ≥ ω + 1 (see Theorem 2.1).
From now until the end of this paper, we drop the letter P in ω(P ) and µ(P ).
Proof. If µ ≥ ω + 1 then the inequality holds by Theorem 2.1. So we suppose that
µ = ω until the end of the proof. We start by omputing the rst integral of the
Yamabe funtional (6) with ψ = ϕε. Using formula |∇gϕε|2 = (∂rϕε)2+r−2|∇sϕε|2,
we obtain:
∫
M
|∇gϕε|2dv =
∫
M
|∇guε,P |2dv +
∫ δ
0
[∂r(r
(ω+2)uε,P )]
2rn−1dr
∫
Sn−1
f2dσ+
∫ δ
0
u2ε,P r
n+2ω+1dr
∫
Sn−1
|∇f |2dσ
The substitution t = r/ε gives
(16)
∫
M
|∇gϕε|2dv = (n− 2)2ωn−1In+1n (ε) + ε2ω+4
{∫
Sn−1
|∇f |2dσI2ω+n+1n−2 (ε)+
∫
Sn−1
f2dσ[(ω−n+4)2I2ω+n+5n (ε)+2(ω+2)(ω−n+4)I2ω+n+3n (ε)+(ω+2)2I2ω+n+1n (ε)]
}
For ‖ϕε‖−2N , we need to ompute the Taylor expansion of :
ϕNε (Q) = [1−Nrω+2f(ξ) +
N(N − 1)
2
r2ω+4f2(ξ) + o(r2ω+4)]uNε,P
Using the fat that
∫
Sn−1
fdσ(ξ) = 0 and formula (5), we onlude that
‖ϕε‖NN =
∫ δ
0
∫
Sn−1
[1 +
N(N − 1)
2
r2(ω+2)f2(ξ) + o(r2ω+4)]rn−1uNε,Pdrdσ(ξ)
= ωn−1I
n−1
n +
N(N − 1)
2
ε2(ω+2)
∫
Sn−1
f2dσI2ω+n+3n + o(ε
2ω+4)
then
(17) ‖ϕε‖−2N = (ωn−1In−1n )−2/N
{
1
− (N − 1)ε2(ω+2)
∫
Sn−1
f2dσI2ω+n+3n /(ωn−1I
n−1
n )
}
+ o(ε2ω+4)
By Eqs (16), (17), (7) and the relationship (4), if n > 2ω + 6 then :
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Ig(ϕε) =
n(n− 2)
4
ω
2/n
n−1 + (ωn−1I
n−1
n )
−2/N In+2ω+1n−2 ε
2ω+4×{
(n− 2)ωn−1
4(n− 1)
∫¯
S(r)
r−2ω−2Rgdσ − n− 2
2(n− 1)
∫
Sn−1
f(ξ)R¯dσ +
∫
Sn−1
|∇f |2dσ+
− n(n− 2)
2 − (ω + 2)2(n2 + n+ 2)
(n− 1)(n− 2)
∫
Sn−1
f2dσ
}
+ o(ε2ω+4)
If n = 2ω + 6 then
Ig(ϕε) =
n(n− 2)
4
ω
2/n
n−1 + (ωn−1I
n−1
n )
−2/Nε2ω+4 log ε−1×{
(n− 2)ωn−1
4(n− 1)
∫¯
S(r)
r−2ω−2Rgdσ − n− 2
2(n− 1)
∫
Sn−1
f(ξ)R¯dσ+
∫
Sn−1
|∇f |2dσ + (ω + 2)2
∫
Sn−1
f2dσ
}
+O(ε2ω+4)
For further details refer to [8℄.
Let IS be the funtional dened for a funtion f on the sphere Sn−1, with zero
mean integral , by
IS(f) =
∫¯
Sn−1
4(n− 1)(n− 2)|∇f |2 − [4n(n− 2)2 − 4(ω + 2)2(n2 + n+ 2)]f2+
− 2(n− 2)2fR¯dσ
This implies that if n > 2ω + 6
(18) Ig(ϕε) =
n(n− 2)
4
ω
2/n
n−1 +
ω
2/n
n−1I
n+2ω+1
n−2 ε
2ω+4
4(n− 1)(n− 2)(In−1n )2/N
×
{(n− 2)2
∫¯
S(r)
r−2ω−2Rgdσ + IS(f)}+ o(ε2ω+4)
and if n = 2ω + 6
(19) Ig(ϕε) =
n(n− 2)
4
ω
2/n
n−1 +
ω
2/n
n−1I
n+2ω+1
n−2 ε
2ω+4 log ε−1
4(n− 1)(n− 2)(In−1n )2/N
×
{(n− 2)2
∫¯
S(r)
r−2ω−2Rgdσ + IS(f)} +O(ε2ω+4)
Notie that if k 6= j then IS(ϕk + ϕj) = IS(ϕk) + IS(ϕj). Indeed, ϕk and ϕj are
orthogonal for the standard salar produt in H21 (Sn−1).
IS(ckνkϕk) =
{
dkc
2
k − 2(n− 2)2ck
}
ν2k
∫¯
Sn−1
ϕ2kdσ
= − (n− 2)
4
dk
ν2k
∫¯
Sn−1
ϕ2kdσ
where
dk = 4[(n− 1)(n− 2)νk − n(n− 2)2 + (ω + 2)2(n2 + n+ 2)] and ck = (n− 2)
2
dk
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Using (8), we an hek easily that dk is positive for any 1 ≤ k ≤ [ω/2]. Now, let
us onsider f =
∑q
1 ckνkϕk. Then
IS(f) = −
q∑
1
(n− 2)4
dk
ν2k
∫¯
Sn−1
ϕ2kdσ
and by Lemma 2.3
(n− 2)2
∫¯
S(r)
r−2ω−2Rgdσ + IS(f) ≤
q∑
1
(uk(n− 2)2 − (n− 2)
4
dk
ν2k)
∫¯
Sn−1
ϕ2kdσ + o(1)
The following lemma implies that Ig(ϕε) <
n(n−2)
4 ω
2/n
n−1 
Lemma 3.1. For any k ≤ q ≤ [ω/2] the following inequality holds
uk − (n− 2)
2
dk
ν2k < 0
Proof. Reall the expression of νk given in (8). The sequene (Uk) dened by
Uk := (νk − n+ 1)dk{(n− 2)uk
νk
− (n− 2)
3
dk
νk}
is polynomial dereasing in νk when νk ≥ 0. In fat, Uk = P (νk) with P the
dereasing polynomial in R+, dened by
P (x) = [(n− 1)(n− 2)x− n(n− 2)2 + (ω + 2)2(n2 + n+ 2)]×
[(n− 3)(x− n+ 1)− (n− 1)2 − (n− 1)(ω + 2)2]− (n− 2)3(x2 − (n− 1)x)
The derivative of P is
P ′(x) = −2(n− 2)x− 2n(n− 2)3 + 2(n2 − 3n− 2)(ω + 2)2
By assumption ω + 2 ≤ (n− 2)/2 then P is dereasing in R+. Hene
Uk = P (νk) ≤ P (νω/2) = Uω/2
for all k ≤ ω/2. It easy to hek that uω/2 is negative so Uk ≤ Uω/2 < 0. 
4. Proof of the main theorem
By Remarks 1.1, we onsider only the positive ase (i.e., infg′∈[g]G J(g
′) > 0) and
the ase when there exists P ∈M suh that
OG(P ) = {Pi}1≤i≤m, m = cardOG(P ) = inf
Q∈M
cardOG(Q), ω ≤ n− 6
2
and P1 = P
Let ϕ˜ε,i be a funtion dened as follows:
(20) ϕ˜ε,i(Q) = (1 − rω+2i fi(ξ))uε,Pi(Q)
where ri = d(Q,Pi), the funtion uε,Pi is dened as in (3) and fi is dened by:
(21) fi(Q) = cr
−ω
i ∇ωgR(Pi)(exp−1Pi Q, · · · , exp−1Pi Q)
expPi is the exponential map. In a geodesi oordinates system {r, ξj} with origin
P , indued by the exponential map
f1 = cr
−ωR¯ = c
q∑
k=1
νkϕk
where R¯, ϕk and νk are dened in Setion 2. Thus the funtions fi are dened on
the sphere Sn−1. The hoie of the onstant c is important.
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Lemma 4.1. Suppose that ω ≤ (n − 6)/2. If ω ∈ [3, 15] or if degR¯ ≥ ω + 1 then
there exists c ∈ R suh that the orresponding funtions ϕ˜ε,i satisfy :
(22) Ig(ϕ˜ε,i) <
1
4
n(n− 2)ω2/nn
Remarks 4.1. (1) We proved inequality of this lemma for any ω ≤ (n− 6)/2,
using test funtion ϕε (see Theorem 3.1). We notie that the dierene
between ϕε and ϕ˜ε,i is on the onstrution of the orresponding funtions f
and fi respetively. From ϕ˜ε,i we dene a G−invariant funtion (see proof
of the main theorem below), this property is not possible with the funtion
ϕε.
(2) For ω = 16 and n suiently big, we an hek that for any c ∈ R, inequality
(22) is false.
Proof. 1. If degR¯ ≥ ω + 1, then by Theorem 2.1
Ig(uε,Pi) <
n(n− 2)
4
ω2/nn
It is suient to take c = 0, hene ϕ˜ε,i = uε,Pi .
2. If degR¯ = ω. Using estimates given in the proof of Theorem 3.1 (see (18), (19)),
it is suient to show that there exists c ∈ R suh that
(23) IS(f1) + (n− 2)2
∫¯
S(r)
r−2ω−2Rgdσr < 0
We keep the notations used in the proof of Theorem 3.1. Thus
IS(f1) =
q∑
k=1
IS(cνkϕk) =
{
dkc
2 − 2(n− 2)2c}ν2k
∫¯
Sn−1
ϕ2kdσ
and
∫¯
S(r)
r−2ω−2Rgdσr =
q∑
k=1
uk
∫¯
Sn−1
ϕ2kdσ
To prove inequality (23), it is suient to prove that
(24) ∀k ≤ q dk
2(n− 2)c
2 − (n− 2)c+ (n− 2) uk
2ν2k
< 0
The left side of the inequality above is a seond degree polynomial with variable c,
his disriminant is:
(25) ∆k = (n− 2)2 − dkuk
ν2k
Using Lemma 3.1, we dedue that for any k ≤ q, ∆k > 0. Hene, the polynomial
above admits two dierent roots denoted xk < yk and given by
xk =
(n− 2)2 − (n− 2)√∆k
dk
, yk =
(n− 2)2 + (n− 2)√∆k
dk
Inequality (24) holds if and only if
(26)
q⋂
k=1
(xk, yk) 6= ∅
The sequene (dk)k≤[ω/2] dereases. It is easy to hek that
(27) ∀k < j ≤ [ω
2
] xk < yj
Hene intersetion (26) is not empty if
(28) ∀k < j ≤ [ω
2
] xj < yk
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We also hek that if ω is even, uω/2 < 0, whih implies xω/2 < 0.
i. If ω = 3 then q = 1, intersetion above is not empty. It is suient to take
c = (x1 + y2)/2.
ii. If ω = 4 then k ∈ {1, 2}, x2 < 0 (beause u2 < 0) and 0 < x1 < y2. Hene
intersetion ]x1, y1[∩]x2, y2[ is not empty.
iii. If 5 ≤ ω ≤ 15, it is suient to prove (28) whih is equivalent to prove that
(29) ∀k < j ≤ [ω
2
] (n− 2)(dj − dk) + dk
√
∆j + dj
√
∆k > 0
Notie that ∆k given by (25) is a rational fration in n. By straightforward
omputations, we hek that there exists reel numbers ak, bk, ek, hk and
sk whih depend on k and ω suh that
∆k = akn
2 + bkn+ ek +
hk
n− 2 +
sk
νk + 1− n(30) √
∆k >
√
ak(n+
bk
2ak
)(31)
Inequality (29) holds if we use (31).
The expressions of the reel numbers above are known expliitly (we used
the software Maple to ompute them, see [8℄). For simpliity, we omit to
give these expressions.

Proof of the main theorem. The orbit of P under the ation of G is supposed
to be minimal (i.e. cardOG(P ) = infQ∈M cardOG(Q)). Without loss of generality,
we suppose that 3 ≤ ω ≤ (n− 6)/2, beause if ω > (n− 6)/2 or ω ≤ 2, we onlude
using Theorem 1.1. From funtions ϕ˜ε,i dened by (20), we dene the funtion φε
as follows:
φε =
m∑
k=1
ϕ˜ε,i
φε is G−invariant. In fat, for any σ ∈ G, suh that σ(Pi) = Pj
uε,Pi = uε,Pj ◦ σ and fi = fj ◦ σ
fi are dened by (21), we dedue that
ϕ˜ε,i = ϕ˜ε,j ◦ σ
The support of ϕ˜ε,i is inluded in the ball BPi(δ). We hoose δ suiently small
suh that for all integers i 6= j in [1,m], intersetion BPj (δ) ∩BPi(δ) = ∅. Thus
Ig(φε) = (cardOG(P ))
2/nIg(ϕε)
By Lemma 4.1, we onlude that
Ig(φε) <
n(n− 2)
4
ω
2/n
n−1(cardOG(P ))
2/n
It remains to notie that if g˜ = φ
4/(n−2)
ε g then
J(g˜) = 4
n− 1
n− 2Ig(φε) < n(n− 1)ω
2/n
n−1(cardOG(P ))
2/n
where ε is suiently smaller than δ. 
Proof of the Corollary 1.1. Suppose that the orbit of P under the ation of G
is minimal (otherwise the onjeture is obvious).
If ω = ω(P ) > [(n− 6)/2], we onlude using Theorem 1.1.
If ω ≤ [(n− 6)/2] ≤ 15, we onlude using main theorem. 
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